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Abstract. A topological group G is sequentially h-complete if all the 
continuous homomorphic images of G are sequentially complete. In this 
paper we give necessary and sufficient conditions on a complete group for 
being compact, using the language of sequential /i-completeness. In the 
process of obtaining such conditions, we establish a structure theorem 
for ui-precompact sequentially /i-complete groups. As a consequence we 
obtain a reduction theorem for the problem of c-compactness. 



All topological groups in this paper are assumed to be Hausdorff. 

A topological group G is sequentially h-complete if all the continuous homomor- 
phic images of G are sequentially complete (i.e., every Cauchy-sequence converges). 
G is called precompact if for any neighborhood U of the identity element there exists 
a finite subset F of G such that G — UF. 

In 6. Theorem 3.G] Dikranjan and Tkacenko proved that impotent sequentially 
/i-complete groups are precompact (also see 0]). Thus, if a group is nilpotent, 
sequentially /i-complete and complete, then it is compact. 

Inspired by this result, the aim of this paper is to give necessary and sufficient 
conditions on a complete group for being compact, using the language of sequential 
/i-completeness. This aim is carried out in Theorem [S] 

For an infinite cardinal r, a topological group G is r -precompact if for any 
neighborhood U of the identity element there exists F C G such that G = UF and 
\F\ < t. In order to prove TheoremEl we will first establish a strengthened version 
of the Guran's Embedding Theorem for w-precompact sequentially /i-completely 
groups (Theorem [SJ . 

A topological group G is c-compact if for any topological group H the projection 
tth : G x H — > H maps closed subgroups of G x H onto closed subgroups of H 
(see El and [2], as wen as El)- The problem of whether every c-compact 
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topological group is compact has been an open question for more than ten years. 
As a consequence of Theorem El we obtain that the problem of c-compactness can 
be reduced to the second-countable case (Theorem EJ. 

The following Theorem is a slight generalization of Theorem 3.2 from j^]: 

Theorem 1 Let G be an uj-precompact sequentially h-complete topological 
group. Then every continuous homomorphism f : G — > H onto a group H of 
countable pseudocharacter is open. 

In order to prove Theorem we need the following three facts, two of which 
are due to Guran: 

Fact A (Guran's Embedding Theorem) A topological group is T-precom- 
pact if and only if it is topologically isomorphic to a subgroup of a direct product of 
topological groups of weight < t. (Theorem 4.1.3 in |14|.) 

Fact B (Banach's Open Map Theorem) Any continuous homomorphism 
from a separable complete metrizable group onto a Baire group is open. (Corollary 
V.4 in US].) 

Fact C Let G be an uj-precompact topological group of countable pseudochar- 
acter. Then G admits a coarser second countable group topology. (Corollary 4 in 

M) 

The proof below is just a slight modification of the proof of Theorem 3.2 from 
[5] mentioned above: 

Proof First, suppose that H is metrizable. Let U be a neighborhood of e in 
G. Since, by Fact El G embeds into a product of separable metrizable group, we 
may assume that U = g^{V) for some continuous homomorphism g : G — > M 
onto a separable metrizable group M and some neighborhood V of e in M. Let 
h= (f,g) -G -> H X M, and put L = h(G). Let p : L —> H and q : L -> M be the 
restrictions of the canonical projections H x M — > H and H X M — > M. Clearly, 
one has / = ph and g — qh. Since q is continuous, W = ? _1 (V^) is open. We 
have h(U) = = h(h- l q~ l (V)) = W and f(U) = ph(U) = p(W). Since 

G is sequentially /i-complete, the groups L and H, being homomorphic images of 
G, are sequentially complete. Since H and L are metrizable, this means that they 
are simply complete. They are also separable, because they are metrizable and 
w-precompact. Thus, by Fact [51 p : L — > H is open, and hence f(U) — p(W) is 
open in H. 

To show the general case, suppose that the topology T of the group H is of 
countable pseudocharacter; then H admits a coarser second countable topology 
T (by Fact0; put i : (H,T) -> (H,T') to be the identity map. Since T is 
metrizable, the continuous homomorphism i o ip : G — > (H, T') is open by what we 
have already proved, and thus tp is also open. □ 

Corollary 2 Let G be an uj-precompact sequentially h-complete group. The 
following statements are equivalent: 

(i) G is second countable; 

(ii) G contains a countable network; 
(hi) G has a countable pseudocharacter; 
(iv) G is metrizable. 
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Proof The implications (i) (ii) =>■ (iii) are obvious, and so is the equivalence 
of (i) and (iv). 

(iii) => (iv): If (G, T) is of countable pseudocharacter, it admits a coarser 
second countable topology 7"' (by Fact [C)l : put i : G — > G\ to be the identity map. 
By Theorem ^ i is open, and thus T is second countable, as desired. □ 

A topological group G is minimal if every continuous isomorphism tp : G — > H 
is a homeomorphism, or cquivalcntly, if the topology of G is a coarsest (Hausdorff ) 
group topology on G. The group G is totally minimal if every continuous surjective 
homomorphism / : G — > if is open; in other words, G is totally minimal if every 
quotient of G is minimal. 

Corollary 3 Every cu-precompact sequentially h-complete topological group of 
countable pseudocharacter is totally minimal and metrizable. 

Proof Let G be an w-precompact sequentially /i-complete group of countable 
pseudocharacter. By Corollary [21 G is metrizable and contains a countable net- 
work. Sequential ^-completeness and the property of having a countable network 
are preserved under continuous homomorphic images, so for every continuous ho- 
momorphism tp : G — > H onto a topological group H, the group H is sequentially 
/i-complete and contains a countable network; in particular, H is w-precompact. 
Thus, by CorollaryEl H is of countable pseudocharacter. Therefore, by Theorem^ 
p is open. □ 

Corollary0]generalizes [HI 3.3] to the sequentially /i-complete topological groups. 

Corollary 4 Every sequentially h-complete topological group with a countable 
network is totally minimal and metrizable. □ 

A topological group is h-complete if all its continuous homomorphic images are 
complete (see |7|). 

Using Theorem Q we obtain the following strengthening of the Guran's Em- 
bedding Theorem for sequentially /i-complete groups: 

Theorem 5 Every uj-precompact sequentially h-complete group G densely em- 
beds into the (projective) limit of its metrizable quotients. In particular, if G is 
h-complete, then it is equal to the limit of its metrizable quotients. 

Froor By Fact El since G is w-precompact, it embeds into £ = FJ S Q , a 

product of second countable groups. Denote by 7r a : G — > S a the restriction of the 
canonical projections to G; without loss of generality, we may assume that the 7r a 
are onto. Since G is also sequentially ^-complete, the ir a are open (by Theorem 
Thus, one has G/N a = S Q , where N a — ker7r Q . We may also assume that all 
metrizable quotients of G appear in the product constituting E, because by adding 
factors we do not ruin the embedding. 

Let i be the embedding of G into the product of its metrizable quotients, 
and put L = lim G/N a . The image of i is obviously contained in L. (We note 

ael 

that if G/N a and G/Np are metrizable quotients, then G/N a Np and G/N a n Np 
are also metrizable quotients; the latter one is metrizable, because the continuous 
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homomorphism G — + G/N a x G/Np is open onto its image, as the codomain is 
metrizable.) In order to show density, let x = (x a N a ) a( zi G L and let 

U = U ai x • • • x U ak x Yl G/N a 

k 

be a neighborhood of x. By the consideration above, the quotient Gj |~| N ai is 

i=i 

fe 

metrizable, so f] N ai — N 1 for some 76/. Thus, 7r Qi (x 7 ) = x ai N ai , therefore 

i=l 

i(G) intersects U, and hence l(G) is dense in L. □ 

A topological group G is maximally almost-periodic (or briefly, MAP) if it 
admits a continuous monomorphism m : G — > K into a compact group K, or 
equivalently, if the finite-dimensional unitary representations of G separate points. 

The Theorem below is a far-reaching generalization of the main result of : 

Theorem 6 Let G be a complete topological group. Then the following asser- 
tions are equivalent: 

(i) the closed normal subgroups of closed separable subgroups of G are h-complete 
and MAP; 

(ii) every closed separable subgroup H of G is sequentially h-complete, and its 
metrizable quotients H/N are MAP; 

(hi) G is compact. 

The following easy consequence of a result by Dikranjan and Tkacenko plays a 
very important role in proving Theorem |SJ 

Fact D G is precompact if and only if every closed separable subgroup of G is 
precompact. (Theorem 3.5 in 

Proof (i) => (ii): If H/N is a quotient described in (ii), then it is clearly h- 
complete, as the homomorphic image of H, which is assumed to be /i-complete 
in (i). Let m : H — > K be a continuous injective homomorphism into a compact 
group K. Since H is ^.-complete, m(H) is closed in K, so we may assume that 
m is onto. The subgroup m(N) is normal in K, because m is bijective, and it is 
closed because N is /i-complete. Therefore, fh : H/N — > K/m(N) is a continuous 
injective homomorphism, showing that H/N is MAP. 

(ii) => (iii): Since G is complete, in order to show that G is compact, we show 
that it is also precompact. By Fact^J it suffices to show that every closed separable 
subgroup of G is precompact. 

Let H be a closed separable subgroup of G. The group H is w-precompact 
(because it is separable), and by (ii) H is sequentially ^-complete. Applying The- 
orem H densely embeds into the the product P of its metrizable quotient. In 
order to show that H is precompact, we show that each factor of the product P is 
precompact. 

Let Q = H/N be a metrizable quotient of H; since H is sequentially ft-complete, 
so is Q. The group Q is second countable, because (being the continuous image 
of H) it is separable. Thus, by Corollary 0] Q is totally minimal, because it is 
sequentially ^-complete. According to (ii), Q is MAP, and together with minimality 
this implies that Q is precompact. □ 
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Remark The implication (i) =>- (iii) can also be proved directly, without ap- 
plying Theorem by using Fact |Dland [HI 3-4]. 

Since subgroups and continuous homomorphic images of c-compact groups are 
c-compact again, and are in particular /i-complete, we obtain: 

Corollary 7 If G is c-compact and MAP, then G is compact. 

Proof If G is MAP, then in particular all its subgroups are so, and all its closed 
subgroups are c-compact, thus /i-complete. Hence Theorem El applies. □ 

A group is minimally almost periodic (or briefly, m.a.p.) if it has no non-trivial 
finite-dimensional unitary representations. 

Corollary 8 Every c-compact group G has a maximal compact quotient G/M , 
where M is a closed characteristic m.a.p. subgroup of G. 

Proof Let G be a c-compact group, and let M — n(G), the von Neumann 
radical of G (the intersection of the kernels of all the finite-dimensional unitary 
representations of G). By its definition, G/M is the maximal MAP quotient of G, 
and according to Corollary this is the same as the maximal compact quotient of 
G, because each quotient of G is c-compact. 

The subgroup M is also c-compact, so by what we have proved so far, it has a 
maximal compact quotient M/L, where L is characteristic in M, thus L is normal 
in G. By the Third Isomorphism Theorem, G/M = (G/L)/(M/L), and since 
both M/L and G/M are compact, by the three space property of compactness in 
topological groups, the quotient G/L is compact too. Thus, M C L, and therefore 
M = L. Hence, M is minimally almost periodic. □ 

We conclude with a reduction theorem. If G is c-compact, then so is every 
closed subgroup of G. Thus, each closed subgroup H and separable metrizable 
quotient H/N mentioned in (ii) of Theorem is also c-compact. Therefore, the 
equivalence of (ii) and (iii) in Theorem yields: 

Theorem 9 The following statements are equivalent: 

(i) every c-compact group is compact; 

(ii) every second countable c-compact group is MAP (and thus compact); 

(iii) every second countable c-compact m.a.p. group is trivial. □ 

It is not known whether (ii) is true, but by Corollary 01 every second-countable 
c-compact group is totally minimal, a fact that may help in proving or giving a 
counterexample to (ii). 
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